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Abstract. Solutions to the Riemann-Hilbert problems with irregular singularities naturally 
associated to semisimple Frobenius manifold structures on Hurwitz spaces (moduli spaces of 
meromorphic functions on Riemann surfaces) are constructed. The solutions are given in terms 
of meromorphic bidifferentials defined on the underlying Riemann surface. The relationship 
between different classes of Frobenius manifolds structures on Hurwitz spaces (real doubles, 
deformations) is described at the level of the corresponding Riemann-Hilbert problems. 

1 Introduction 

In its original formulation, the Riemann-Hilbert (Hilbert's 21st) problem is the problem of exis- 
tence of a Fuchsian system of linear ordinary differential equations on the Riemann sphere having 
given singularities and monodromy data. 

Another problem is to find a solution to that system. This problem can be reformulated 
in a general form as the problem of reconstructing an analytic function in the complex plane 
from jump conditions across some curves. The latter problem is also traditionally referred to as 
the Riemann-Hilbert (factorization) problem; it is this meaning of the term that we adopt here. 
Problems of this type play an important role in the theory of integrable systems, see the review 

lioj. 

A solution to the Riemann-Hilbert problem can be rarely expressed in terms of known special 
functions. There are, however, examples of monodromy data for which explicit solutions have 
been found. For instance, in |15j the Riemann-Hilbert problem corresponding to a Fuchsian 
system was solved for quasi-permutation monodromy matrices. The matrix solution was found 
in terms of a generalization of the Szego kernel on a Riemann surface. In the matrix dimension 
two, the explicitly solvable Riemann-Hilbert problems with off-diagonal monodromies are used 
in the theory of random matrices as asymptotic Riemann-Hilbert problems in the study of the 
large N limit of Hermitian matrix models [4j . 

In this paper we present solutions to another class of Riemann-Hilbert problems. The prob- 
lems studied here arise in the theory of Frobenius manifolds, which were introduced [6J as a 
geometric formulation of the structure of the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equa- 
tions - the structure which also appears in singularity theory, in the theory of Gromov-Witten 
invariants of projective varieties and in other branches of mathematics, see [6l f7\ HSj. 

We consider Frobenius manifold structures on Hurwitz spaces, i.e., on the moduli spaces of 
pairs ~ a Riemann surface and a meromorphic function on the surface. There exist three classes 
of Frobenius manifold structures on Hurwitz spaces. The first class was found in [6]. The other 
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two classes \20\ [2T] are the so-called real doubles and deformations of the manifolds from [6]. 
All these Frobenius structures are semisimple (i.e., such that the algebras defined in the tangent 
spaces to the manifolds contain no nilpotents). 

Our motivation to study the Riemann-Hilbert problems related to Frobenius manifolds is 
based on the fact that a semisimple Frobenius manifold can be reconstructed [7] from a funda- 
mental solution to the associated Riemann-Hilbert problem. Therefore the relationships between 
different Frobenius manifold structures on Hurwitz spaces may potentially be revealed by study- 
ing the corresponding Riemann-Hilbert problems. Furthermore, such relationships could allow 
to extend the notions of real doubles and deformations to an arbitrary semisimple Frobenius 
manifold. In this paper we make a step in this direction by finding transformations relating solu- 
tions to the Riemann-Hilbert problems corresponding to the three classes of Frobenius manifold 
structures on Hurwitz spaces mentioned above. 

There are two Riemann-Hilbert problems - a Fuchsian and a non-Fuchsian one - associated 
to each semisimple Frobenius manifold. The problems are dual to each other, i.e., related 
by a formal Laplace transform [6j. In this paper we study the non-Fuchsian problem, which 
is associated to a Frobenius manifold in the following way. Given a point on a semisimple 
Frobenius manifold JF of dimension n, one can construct the following non-Fuchsian matrix 
ordinary differential equation on CP^ with rational coefficients: 

9^ 1 

^ = (f/ + -m. (1) 

Here is an n x n matrix-valued function on CP^ X and U is the diagonal matrix U = 
diag{Ai, . . . , A„}, where {Aj} is a distinguished set of coordinates on the Frobenius manifold, 
the canonical coordinates (see Section [3. 4p . The skew-symmetric matrix V is determined by the 
Frobenius manifold as follows: 



V:=[r,U], (2) 

entries of the symmetric matrix F are given by the rotation coefficients Pij (defined below by 
(I26p ) of the flat metric on the Frobenius manifold: Fjj = Pij \{ i ^ j and Ta = 0. 

Equation ([1]) has a regular singularity at the origin and an irregular singularity at the point 
at infinity. The monodromy data of this equation is called the monodromy data of the corres- 
ponding Frobenius manifold; it was used for classifying all semisimple Frobenius manifolds [7j. 
The monodromy data includes the Stokes matrix at irregular singularity and the behaviour of 
a solution at singular points. 

The Frobenius manifold axioms imply the isomonodromy condition: the independence of the 
monodromy at the origin and the Stokes matrix of equation ([T]) of the point of the Frobenius 
manifold. This condition is equivalent to the compatibility of equation ([T|) with the following 
system defining the dependence of the function ^ on the canonical coordinates on the manifold: 

— = {zEi-[Ei,T])^, i = l,...,n. (3) 

Here, Ei is the matrix having only one non-vanishing entry, which is equal to one and stands on 
the ith place on the diagonal. In the matrix dimension 3, the compatibility condition of the sys- 
tem ([1]), ([3]) is equivalent to the Painleve-VI equation with the coefficients (1/8, —1/8, 1/8, 3/8), 
see [6]. 
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The fundamental solution to system ([T]), ([3]) contains the complete information about the 
underlying Frobenius manifold structure [7j. 

The problem of reconstructing the solution to equation ([T|) from its monodromy data is the 
Riemann-Hilbert problem associated to the Frobenius manifold. 

The description of the Frobenius manifold structures on Hurwitz spaces includes represen- 
tations of the matrices V and F in terms of various meromorphic bidifferentials defined on the 
Riemann surface. The main example of such a bidifferential is given by the canonical normalized 
bidijjerential W(P,Q), which is symmetric and has vanishing a-periods and a second order pole 
on the diagonal. Other bidifferenitals used in the construction include the Schiffer and Bergman 
kernels and a deformation of the bidifferential W. 

The purpose of this paper is to solve the system ([1]), ([3]) for Frobenius manifold structures 
on Hurwitz spaces. The solutions are given in terms of the bidifferentials mentioned above. 
For instance, in the case corresponding to the n-dimensional Frobenius structures from [6j on 
Hurwitz spaces of the pairs {C, A) the solution is represented in terms of the bidifferential W. It 
is given by an n x n matrix with the entries: 

Here, z G CP^; the set {Pi}^^^ is the set of simple critical points of the meromorphic function A 
on the surface C; and Q stands for a point on the surface; the bidifferential W is evaluated at Pi 
with respect to a local parameter defined by the function A. The integration paths {Cj}'^^^ are 
given by contours on the Riemann surface which go from a pole of the meromorphic function A 
to another pole through a neighbourhood of one of the critical points {Pj}^^^ in a prescribed 
way. The direction in which the contours approach poles of the meromorphic function depends 
on arg{z}. Thus, the monodromy of ^{z) is related to the monodromy in the appropriate space 
of contours on the Riemann surface. 

As an example we consider Frobenius manifold structures on the Hurwitz space of degree 2 
meromorphic functions on Riemann surfaces of genus g. The dimension of this space and the 
associated Frobenius structure is n = 2g + 2; the local coordinates on the Hurwitz space (and 
the canonical coordinates on the corresponding Frobenius structure) are given by the critical 
values of the meromorphic functions. Under a certain ordering of the critical points, the Stokes 
matrix of the corresponding solution is given by the n x n lower triangular matrix S with 
the entries: 

Sii — 1, 

Sij = i < j; 

Sij = 0, i> j. 

The solutions to the Riemann-Hilbert problems associated to the deformations and real 
doubles of Dubrovin's [6J Frobenius structures on Hurwitz spaces turn out to be related to the 
solution ([1]) by a Schlesinger transformation, also known as dressing transformation. Namely, the 
solution corresponding to the deformations, we denote it by ^'q, is obtained from the function 
^ given by (jH) as follows: 

^q(^) = (l - ^Tq) ^(Z), 

where 1 denotes the identity matrix; and Tq is a matrix function on the Frobenius manifold 
independent of z, such that vanishes. The Stokes matrices of the Frobenius structures on 
Hurwitz spaces from [6j thus coincide with the Stokes matrices of their deformations. 
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In the case of the real doubles, the solution to the Riemann-Hilbert problem is constructed in 
terms of the Schiffer Q and Bergman B kernels on the Riemann surface; we denote the solution 
by ^nB- Its matrix dimension is twice as large as the dimension of the matrix ^{z) given by 
dl]). The solution is obtained by a Schlesinger transformation from a block-diagonal matrix 
whose blocks are built from the function ^{z) as follows: 



Here, T is a matrix-valued function on the Frobenius manifold independent of z (and such 
that = 0). Thus, the Stokes matrix for the real doubles of a Frobenius manifold J- is the 
block-diagonal matrix whose blocks are given by the Stokes matrix of the manifold J-'. 

The above Schlesinger transformations are constructed for solutions related to the Hurwitz 
spaces: the expressions for the matrices Tq and T are written in terms of differentials defined on 
the underlying Riemann surface. A representation of these transformations in terms universal 
to the Frobenius structure could lead to construction of a real double and a deformation of an 
arbitrary semisimple Frobenius manifold. 

The paper is organized in the following way. Section [2] is devoted to a general discussion 
of a solution to the system ([1]), ([3]) and the Riemann-Hilbert problem. Section [3] contains the 
necessary facts from the theory of Hurwitz spaces and Frobenius manifolds. Section H] is the 
main section of the paper - it contains the solutions of the Riemann-Hilbert problems associated 
to the Frobenius manifold structures on Hurwitz spaces. In this section we also describe the 
relationship between the Riemann-Hilbert problems corresponding to the Frobenius structures 
on Hurwitz spaces from [6], their real doubles and deformations. In Section [5] we explicitly 
compute the Stokes matrices in the case of the Hurwitz spaces of functions with simple poles. 

2 The Riemann-Hilbert problem 

Generally speaking, a Riemann-Hilbert problem is the problem of reconstructing a matrix func- 
tion with a singularity of a given type and a given discontinuity. We study a problem of this 
kind associated to the linear system ([I]), ([3|). We first look at the general behaviour of a solution 
to the system and then formulate the corresponding Riemann-Hilbert problem. This section 
collects the results of [6l [71 [22] which are used in the sequel. 

2.1 Behaviour of the solution and monodromy data 

A solution to equation ([T]) has an irregular singularity of Poincare rank 1 at the point at infinity. 
There exists a formal solution ^ of the form: 



where U is the diagonal matrix from ([T]), Fj are matrix functions of the coordinates {Xk} with 
Fi = F being the matrix of rotation coefficients from ([2]). There are sectors in the z-plane where 
fundamental solutions ^{z) to equation ([1]) with the asymptotic behaviour 





(5) 



^'(z) ~ ^'(z) as 



z 



oo 



(6) 



exist. To describe these sectors we start with the following definitions. 
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Definition 1 A line / going tiirougii tiie origin in the complex z-plane is called admissible for 
equation ([T]) if Re {z{Xi — Xj)} ^ for nonzero z £ I and for any i ^ j. 

The non- admissible directions of equation ([1]) are given by the so-called Stokes rays. They are 
determined by the configuration of the eigenvalues of the matrix U as follows. 

Definition 2 The rays r^j = — r^j defined for distinct indices i and j by 

nj := {z I Re [z{Xi - Xj)] = 0, Im[z(A, - A^)] < 0} (7) 
and oriented from the origin are called the Stokes rays of equation ([1]). 

Let us fix an oriented admissible line /. It divides the z-plane into the left 11^ and right 11'' 
half-planes. Let cj) be the angle between the line / and the real axis. Consider the domains given 
by sectorial neighbourhoods of the half-planes: 

= {z \ (f> - e < a.rg{z) <7r + + e}, IT^ = {z \ (p - tt - e < aig{z) <(/> + £}, (8) 

where e > is sufficiently small, i.e., such that (respectively HI) contains only the Stokes 
rays contained in n' (respectively W). In such neighbourhoods 11^ and of any half-plane 
there exist [221 solutions to equation ([1]) with the asymptotics as \z\ — > oo given by the formal 
solution ([5]). We shall denote the respective solutions by and see Figured] 





£ 







Figure 1: z-plane. 

The intersection of the domains 11^ and 11^ consists of two sectors; each of the sectors contains 
a part of the separating line I. Let us orient these parts in the direction from the origin and denote 
the obtained rays by and 1-: the orientation of Z+ coincides with that of the line I. There 
are two solutions \I''' and to equation ([T]) defined in each of the sectors of the intersection 
Ilg Pi . These solutions are therefore related in each sector by a right multiplication with a 
z-independent matrix. Let us denote the matrix relating the solutions in the sector containing 
/+ by S : 

¥{z) = ^''{z)S. (9) 



Definition 3 The matrix in ([9]) is called the Stokes matrix of equation ([T]). 
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The matrix relating the solutions in the sector containing Z_ equals 5^ as a corollary of the 
skew-symmetry of the matrix V from equation ([T]): ^''(z) = ^^{z)S'^ , z ^l^. 
Thus the matrix 

Moo := S{S^r^ 

gives the monodromy of the solution with respect to analytic continuation around the point 
z = oo counterclockwise starting in 11''. 

The Stokes matrix has the following structure: its diagonal entries equal one, and an off- 
diagonal entry Sij vanishes if the corresponding Stokes ray r^j d?]) belongs to the right half-plane 
n''. This can be seen from the asymptotics ([5]), ([6]), which implies e^^5e~^^ — > 1 as 2; ^ oo 
along the ray l+. Therefore, Sij = if Re{2;(Aj — Aj)} > or, equivalently, if rij S 11''. 

A domain of existence of a solution with asymptotics ([5]), ([6]) can be broadened [U [22] . 
Namely, the parameter e in the definition of 11^ can be increased until one of the rays {z \ 
arg(z) = vr + i;^ + e} or {z I arg(2:) = ^ — e} bordering the domain meets a Stokes ray of the 
equation. The analytic continuation of the solution defined in 11^ into a neighbourhood of z = 00 
beyond this Stokes ray no longer has the asymptotic behaviour ([6]). The analogous holds for the 
analytic continuation of defined in 11^. 

At the origin a solution to equation ([1]) has a regular singularity. The expansion of in a 
neighbourhood of z = intersected with 11'" has the form 

^''{z)^G{z)z^'z^Cl, z~0, (10) 

where CI is a constant matrix; /x = diag{/ii, . . . , is the diagonalization of the skew-symmetric 
matrix V from ([T|); G{z) is holomorphic at 2; = and such that G(0) is non-degenerate and sa- 
tisfies G(0)^^yG(0) = ^; the matrix R appears in the resonant case, i.e., when some eigenvalues 
of the matrix V differ by an integer: the matrix R satisfies Rij 7^ only if /Xj — fij = k for a 
positive integer k. 

A solution of the form (jlO|) can be analytically continued into a disc neighbourhood of z = 
with a branch cut ending at the origin. Thus the monodromy matrix of at the origin has the 
form M = (Co^-^e^'^'^e^'^i^Q;. 

The two monodromy matrices at singular points of the equation satisfy M^qM = 1, which 
is equivalent to the relation S'^S''^ = {Cl)-^e^'^''f'e^'^''^Cl. 

The monodromy matrices M^o and M as well as the Stokes matrix S and the matrices Cq , 
and R satisfy the isomonodromy condition, i.e., they do not depend [6] on the point of the 
Frobenius manifold. This is a consequence of the compatibility of equations ([T]) and ([3]), which 
follows from the axioms of the Frobenius manifold structure. 

Reconstruction of the matrix functions and from the given monodromy data including 
the Stokes matrix S and the asymptotics ([5]), ([6]) and ()10p near singular points amounts to 
solving the following Riemann-Hilbert problem. 

2.2 Formulation of the Riemann-Hilbert problem 

Let a matrix U = diag{Ai, . . . , Xn} with distinct {Aj} and the matrices S, /i, i?, CI related by 
gT g-i _ ^(jr\^-i ^27X1^1 ^2-KiR(jr given, where /x is diagonal: // = diagj^ui, . . . ,/iri}; the entries 
of the matrix R satisfy: Rij 7^ only if ^Uj — ^j = k for a positive integer k. 

Let I be any oriented admissible line in the z-plane passing through the origin {I = l+\J l- 
as before). The complement of the line in the complex plane consists of the left n' and right IF 
half-planes according to the orientation of the line 
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The Riemann-Hilbert problem we consider in this paper is the problem of finding a matrix 
function ^(z) made up of the following two functions each defined in one of the two half-planes 



• det^'(z) / for z e C\0. 

• ^ has an essential singularity at the point at infinity with the asymptotics ^{z) ~ 
(1 + 0{l/z)) e^^ as \z\ ^ oo in 11'' or in II'; ^' is holomorphic elsewhere in the half-planes. 

• In a half-disc centered at z = and contained in 11^ the function ^ has the asymptotics 
^^(z) ~ G{z)z^z^Cg with a matrix function G{z) holomorphic at the origin. 

• On the ray /+ the boundary values of the matrix functions "if^ and are related by 
multiplication with the matrix S from the right, i.e., ^''(z) = "^^{z)S for z G /+. 

• On the ray /_ the boundary values of the solution are related by multiplication from the 
right with the matrix S^, i.e., ^''(z) = '^^'{z)S'^ for z G /_. 

We solve this Riemann-Hilbert problem for the matrix being a diagonalization of the 
matrix V defined by ([2]) - the entries of /U are given in Proposition [T] below; the Stokes matrix 
S is described below in Theorem [3] with examples given in Section [5j 

Remark 1 Given a solution ^{z) to the Riemann-Hilbert problem formulated in this section, 
the matrix function "^{z) = ^'(z)e~^^ is holomorphic in the half-planes and solves the Riemann- 
Hilbert factorization problem for the function S{z) defined on the separating line / by S{z) := 
QzUg^-zU and Siz) := e^^^^e"^^ if z e 

3 Hurwitz spaces 

3.1 Definition of Hurwitz spaces 

The Hurwitz space Tig is the set of equivalence classes of ramified coverings A : £ ^ CP\ where 
>C is a compact Riemann surface of genus g and the covering map A is a meromorphic function 
on £,. Two coverings A : £ ^ CP^ and A : £ ^ CP^ are equivalent if there exists a biholomorphic 
map /:£—>£ such that Xof = A. 

We denote the ramification points by Pi. At these points d\{Pi) = 0. Their images Aj := A(Pj) 
in CP^, the projections of ramification points on the base of the covering, are called the branch 
points. A branch point Aj is called simple if the differential d\ has a zero of multiplicity one at 
Pi (i.e., the corresponding ramification point belongs to exactly two sheets of the covering). 

The following subspace 'Hg-no,...,nm of the space TCg is also called the Hurwitz space: TCg-no,...,nm 
is the set of equivalence classes of A^-fold genus g coverings of CP^ with simple distinct finite 
branch points and with the ramification type over the point at infinity fixed by the num- 
bers Uq, . . . ,nm '■ the point at infinity on the base of the covering has m + 1 preimages, 
X~^{oo) = {ooq, . . . , oom}; the point ooj belongs to exactly Ui + 1 sheets of the covering. 

The number n of simple finite branch points is given by the Riemann-Hurwitz formula: 




(11) 



such that: 



n = 2g + 2m + ^. 
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Locally in a neighbourhood of a covering of the described type, the set of branch points 
{Ai, . . . , A„} gives coordinates on the Hurwitz space Hg 

\no,...,nm ■ 

The complex structure on the surface C is defined by the covering as follows: near a simple 
ramification point Pk the local parameter is Xk{P) = \/ A(i-*) — A^; in a neighbourhood of the 
point ooi with the ramification index rij the local parameter is given by A(P)^^/^"'^^^. 

We shall fix a canonical homology basis {0^; i^fclf^i on the surface £, i.e., we shall work locally 
in the covering space Tig-no,..., whose elements are pairs: a point of the space 'Hg.^no,...,nm ^-iid a 
canonical basis of cycles on the underlying surface (i.e., a weakly marked Riemann surface and 
a meromorphic function on it). 



3.2 Bidifferentials on Riemann surfaces 

The bidifferentials described in this section play a key role in the construction of the Frobenius 
structures on the Hurwitz spaces as will be shown below in Section 13. 4[ The solution to the 
system ([1]), ([3]) will be given in terms of these bidifferentials. 



The bidifferential W. The canonical meromorphic hidifferential W{P, Q) is defined as the 
second derivative of the logarithm of the prime form E{P,Q) (see ^J) on a compact Riemann 
surface: 

W{P,Q) :=dpd^ log E{P,Q) (12) 

with P and Q being points on the surface. W{P, Q) can be alternatively defined as a bidifferential 
with the following properties: i) it is symmetric; ii) has a second-order pole on the diagonal 
P = Q with biresidue 1; iii) its a-periods with respect to either of the arguments vanish: 

<f W{P,Q) = 0, k = l,...,g. (13) 
The 6-periods of W generate the holomorphic differentials uik normalized by coj = 6jk '■ 

(fw{P,Q) = 27riu;k{P), k = l,...,g. 

Jbk 

The deformation of W. For a surface C of genus g > 1, denote by B the Riemann matrix 
(Bjj = 00 j) and let q be a symmetric matrix independent of the branch points {Aj} and such 
that the inverse (B + q)~^ exists. Using such a matrix one can deform the bidifferential VF(P, Q) 
keeping the symmetry property and the singularity structure unchanged. Namely, we introduce 
the following bidifferential Wq(P, Q) where q plays the role of parameter of deformation: 

9 

W^{P, Q) := W{P, Q) - 27ri (B + q),/a;fc(P)wKQ)- (14) 

k,l=l 

In the limit when all diagonal entries of the matrix q tend to infinity while the off-diagonal 
entries remain finite, the matrix (B + q)^^ vanishes and, therefore, the bidifferential VFq tends 
to W. The normalization condition, analogous to (jl3p for W , for the deformed bidifferential has 
the form: 



Jbfc --^ Jaj 
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Note that for a fixed symmetric matrix q the bidiffferential VFq cannot be defined on an arbitrary 
Riemann surface: it is not defined for the surfaces satisfying 

det(B + q) = 0. (15) 

This condition may be empty for some matrices q, for example, it is never satisfied for a real q. 
In the general case we do not know how to describe the matrices q for which the set of surfaces 
satisfying (jlSp is non-empty. 



Schiffer and Bergman kernels are defined for a surface of genus 5 > 1 (in genus zero, the 
Bergman kernel vanishes and the Schiffer kernel coincides with W). The Schiffer kernel ^{P, Q) 
is a symmetric bidifferential with the singularity of the same type as that of the bidifferential 
W. It is given by: 

a 

n{P, Q) := iy(P, Q)-TiY. (ImIB)fe/c^fe(P)c^i(Q)- (16) 

k,l=l 

The Bergman kernel B{P, Q) is defined by: 

a 

B{P, Q) := vr ^ {lmM)^,'uJk{P)oJl{Q). (17) 

k,l=l 

The kernels can be alternatively defined as follows [9j. The Schiffer kernel 0,{P,Q) is a 

symmetric bidifferential with a second order pole at the diagonal P = Q with biresidue 1 and 

such that the relation p.v.JjQ,{P,Q)uj(P) = holds for any holomorphic differential uj{P) on 

C 

the surface C The Bergman kernel B(P,Q) is a bidifferential such that the integral operator 
with the kernel B{P, Q)/2iTi acts in the space L2'"\C) of (1, 0)-forms as an orthogonal projector 
onto the subspace of holomorphic (l,0)-forms. 



3.3 Variational formulas 

Here we study the dependence of the bidifferentials on the point of the Hurwitz space. A 
covering A : £ — > CP^ defines a complex structure on the surface C (see Section [3]) and this 
structure depends on the point of the Hurwitz space represented by the coordinates {Ai, . . . , A„}. 
Therefore, the above bidifferentials defined on the Riemann surface corresponding to the covering 
depend on the branch points {\k} (we consider small variations of {A^} which keep the canonical 
homology basis {0^,6^} on the surface unchanged). 

The variational formulas below give the derivatives of the bidifferentials with respect to the 
simple branch points {Afc}. It is assumed that the projections A(P) and \{Q) of the points P 
and Q on the base of the covering are kept fixed under the differentiation with respect to {Afc}. 
In the formulas, the fixed quantities are listed after the vertical bar. 

For the bidifferential W, the dependence on the simple branch points {A^} is given by the 
Rauch variational formulas \\.2\ [T9] : 



dW{P, Q) 
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where W{P, Pk) denotes the evaluation of W{P^ Q) at Q = Pk with respect to the local parameter 

Xk- 



W{P,Pk) :-- 



W{P,Q) 



dxkiQ) 



Q=Pk 



W^{P,Q) 
Q=h d\{Q) 



2 res 



1/2 



(19) 



Formulas (jlSp can be easily proved [12j by comparing singularities of the right and left hand 
sides and using the normalization condition (jl3p . 

Being integrated over 6-cycles of the surface, the Ranch formulas (llSp give variational for- 
mulas for the holomorphic differentials and the Riemann matrix: 



dujj{P) 



A(P) 



-oj,{Pk)WiP,Pk) 



dl 



TT\Uj{Pk)uJl{Pk)- 



(20) 



Formulas (jlSp and (j20p allow straightforward computation of the variational formulas for 
the deformed bidifferential Wq(P, Q). As turns out, they look formally exactly as those for 
W{P,Q) : 



dW^{P,Q) 



X{P)MQ) 



MP,Pk)W^iPk,Q). 



(21) 



Formulas (I2ip are only valid at the points of Hurwitz space where the bidifferential is well 
defined, i.e., outside of the divisor (fT5|) in 'Hg-no,...,nm- 

Note that both bidifferentials W and VFq, as well as the differentials ujk and the matrix B, 
are locally holomorphic with respect to branch points {Afc}, i.e., they do not depend on {Xk} 
(see j9j, p. 54). However, the Schiffer and Bergman kernels depend also on {A^} as can be 
seen from their explicit definitions ()16p and (|17p. where the complex conjugate of the Riemann 
matrix IB enters. 

The variational formulas for and B can be derived from their definitions (jl6p and (jl7p by 
a straightforward differentiation. They have the form: 



dn{P,Q) 



dXk 
dB{P,Q) 



1 



dX, 



MP)MQ) 



A{P),A(Q) 



niP,PkMPk,Q), 



dniP,Q) 



-n{p,Pk)B{Pk,Q), 



dXk _ 
dB{P,Q) 



1 



dXi 



A(P),A{Q) 



A{P),A{Q) 



B{P,Pk)B{Q,Pk), 



(22) 



-B{P,PkMPk,Q). 



The notation here is analogous to that in (jl9p : ^}{P,Pk) stands ior {0,{P,Q)/dxk{Q))\Q=p^. and 



B{P,Pk) := {B{P,Q)/dxkiQ)) \q=p,- 



3.4 Probenius structures on Hurwitz spaces 

A Hurwitz space can be endowed with a structure of a Frobenius manifold. In this section we 
describe the part of the construction of three classes of Frobenius structures on the Hurwitz space 
no ■,no,...,nm [6| 120^ [21] which is needed to introduce the associated Riemann-Hilbert problems. 

Frobenius manifold. A Frobenius manifold [6] is a complex manifold with a structure of 
associative commutative algebra with a unity in the tangent bundle and a Darhoux-Egoroff (flat 
potential diagonal) metric compatible with the algebra structure. The compatibility means that 
for a metric t/(-, •) and any three elements x, y, w of the algebra the condition r/(xy, w) = r]{x, yw) 
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holds. (In Frobenius manifold theory, the word "metric" denotes a bilinear quadratic form.) In 
addition to this, there are further requirements on the metric. For our purposes it is enough to 
mention the existence of the Euler vector field E on the manifold; this field is covariantly linear 
with respect to the Levi-Civita connection of the metric and acts on the metric by 

LieE7?(j:, y) = (2 - v)r]{x, y), (23) 

where is a constant. 

There are two distinguished coordinate sets on the Frobenius manifold: canonical coordinates 
denoted by {Xk} and flat coordinates {tk}- The metric rj is diagonal in the canonical coordinates: 
rj = 'Yl^=i 9ii{d\i)'^ , where ga are functions of {A^} . In fiat coordinates the coefficients of the 
metric are constant. 

The multiplication in the tangent space is diagonal in canonical coordinates: dx^d\. = Sijdx^ ■ 
Thus the unit vector field in the algebra is 

n 
k=l 

The Euler vector field in the canonical and fiat coordinates has the form [6]: 

n n 

J;A,9a, ^ J^z^fctfcSi,. (25) 

k=l k=l 

The coefficients Uf^. are called the quasihomogeneity coefficients. 



A system for rotation coefficients. The fiat metric on a Frobenius manifold is diagonal 
in the canonical coordinates {Ai,...,A„} on the manifold. For an arbitrary diagonal metric 
1] = Y17=i 9ii{dXiY the rotation coefficients are defined by: 

A,:=^^, ^^3. (26) 

The matrices V and F in equations ([3]) are related by ([2]); they are built from rotation 
coefficients of the fiat metric on the Frobenius manifold as follows: Vij = l3ij{Xj — Aj) and 
Tij = Pij a i^ j and Vu = Ta = 0. 

The rotation coefficients of a metric on a Frobenius manifold satisfy certain equations as 
a corollary of the Frobenius manifold axioms. First, they are symmetric: 

A, = f3J^. (27) 

The symmetry is equivalent to the potentiality of the metric, i.e., to the existence of a function 
G({Afc}) generating the metric coefficients: ga = dx.G. Second, for a Frobenius manifold of 
dimension n, the rotation coefficients satisfy the following system of differential equations: 

^AfcAi = PikPjk, k are distinct (28) 

n 
k=l 



^Xkdx,Pij = -Pij. (30) 



k=l 
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The first two equations, by virtue of the Darboux-EgorofF lemma, provide the flatness for the 
corresponding diagonal potential metric. The third equation (I30p follows from the form of the 
action of the Euler field on the metric (|23p . 

Equations (f27ll - (f30]) provide compatibility condition for the linear system ([I]), ([3]). 

Solution to the system for rotation coefficients on Hurwitz spaces. A class of solutions 
to the system (I27p - (130p for rotation coefficients can be constructed on the Hurwitz space in 
terms of the bidifferentials introduced in Section [3.21 as follows. 

The Ranch variational formulas (jlSp imply [12] that the following quantities satisfy equations 
dSZD - 

p,j=^W{P,,Pj), for i/j; i,j = l,...,n. (31) 

In particular, the very form of the Ranch formulas (jlSp with P = Pi and Q = Pj coincides with 
that of equation (j28p . As was first noted in [12j, the rotation coefficients (|3ip correspond to the 
family of n Probenius structures of dimension n on Hurwitz spaces found by Dubrovin [6]. 

Due to the similarity of the variational formulas for all bidifferentials from Section 13.21 
two other sets of rotation coefficients can be found analogously to (j3ip in terms of the other 
bidifferentials. Namely, the quantities 

P^J = lw^iP^,P,) (32) 

give rotation coefficients for the so-called deformations [21] of the Hurwitz Frobenius manifolds 
from [6]. 

The Schiffer and Bergman kernels define a solution to equations ()27p - ()30p on the Hur- 
witz space considered as a real manifold, i.e., on the space TCg-no,...,nm with the local coor- 
dinates {Ai, . . . , A„; Ai, . . . , A„}. Let the indices in equations (j27|) - ([301) through the set 
{1, . . . , n; 1, . . . , n}. Then the equations are satisfied by the following quantities: 

A, = il7(P„P,), f3,j = ^BiP,,Pj), l3ij = ^Q(P~P~) (33) 

with indices i,j £ {1, . . . , n} and i,j £ {1, . . . , n}. The solution (I33p defines rotation coefficients 
for a family of 2n Frobenius manifold structures of dimension 2n [20j on the real Hurwitz space. 
These manifolds are called the real doubles of Dubrovin's Frobenius structures on Hurwitz 
spaces. 

Remark 2 Solutions (I33p are independent of the choice of canonical homology basis on the 
Riemann surface in contrast to solutions (j3ip and (j32p . Therefore, the Frobenius manifolds cor- 
responding to rotation coefficients (f33]) are structures on the Hurwitz space 'Hg-no,...,nm whereas 
the Frobenius structures with rotation coefficients (j3ip and ()32p are defined on the covering 
■,no,...,nm. of the Hurwitz space. 

Remark 3 There also exist [21] deformations of the Schiffer and Bergman kernels. The de- 
formed kernels provide analogously another family of solutions for the system (j27p - (|30p . 

Here we consider three classes of Riemann-Hilbert problems - those corresponding to the 
linear systems ([T|, ([3]) built from the rotation coefficients ([3T]) . ([32|) and ([33]) . The solutions to 
these problems will be given in terms of the bidifferentials W, Wq, and O and B, respectively. 
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Spectrum of the Probenius manifolds. The monodromy data of the Riemann-Hilbert 
problem associated to a Frobenius manifold includes the spectrum of the manifold, i.e., the set 
{/ii, . . . , of eigenvalues of the matrix V from The eigenvectors are given by n primary 
differentials {0j} (the primary differentials are given by integrals of the respective bidifferential 
- either W, or Wq, or 0, and B - with respect to one of the arguments over various contours on 
the Riemann surface, see [6t 1201 [2T]) evaluated at the ramification points of the covering: 

V(j)j = fj.j<j)j, where (pj = (0j(-Pi), . . . , (t)j{Pn)Y ■ (34) 

The evaluation is done with respect to the standard local parameter, similarly to ()19p . A 
Frobenius manifold is called resonant if at least one of the differences /ij — is a nonzero 
integer. Frobenius manifold structures on Hurwitz spaces are resonant. The spectrum is given 
by the next Proposition. 

Proposition 1 Frobenius manifolds whose rotation coefficients are given by ^31\) or by their 
deformations 13^) have the following spectrum : 

• g + m values fij = 1/2 

• g + m values fij = — 1/2 

• Ui values {fij = - ^j^Li for every i = 0, . . . , m; 

/ here Ui is the ramification index at the point ooi). 

The spectrum of the real doubles, the Frobenius manifolds with rotation coefficients i33\). 
contains each of the above values twice. 

Proof. The values {jJ-j} are related to the quasihomogeneity coefficients {uj},!^ (see ([23]) . (p5]) ) 
of the Frobenius manifold by [B]: 

= f - - 2^ 

the coefficients of quasihomogeneity can be found in Proposition 5 of [20j . 

Alternatively, the spectrum of the Frobenius manifold can be computed by explicitly finding 
the eigenvalues of the matrix V. In the case of rotation coefficients ()3ip given by W, the primary 
differentials (pi satisfy the following variational formulas [6l \20\ [21] : 

n 

dxMPj) = i;W{Pk,Pj)MPk) if jy^k; and J2^>^MPj)=0- 
^ fc=i 

A short calculation with the help of these formulas shows that for the vector (pi from (|34p . the 
multiplication by the matrix V is equivalent to the action of the Euler vector field E given by 
(p5|) : V(p>i = E{(f)i). One computes this action by the method used below in the proof of Lemma 
[2] and thereby finds eigenvalues of the matrix V . 

The spectrum of the real doubles can be computed analogously. The quasihomogeneity 
coefficients and variational formulas for the primary differentials can be found in Proposition 11 
of □ 
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4 Solution of the non-Fuchsian Riemann-Hilbert 
problem 

In this section we construct a fundamental solution to the system ([T]), (j3]) associated to a 
Frobenius manifold structure on a Hurwitz space 'Hg-no,...,nm ^"^^ describe the Stokes matrix S 
for the solution. 

For a line dividing the z-plane into half planes 11^ and W we shall find matrix functions 
^''(z) and ^''"(z) defined in the respective half planes which satisfy equations (JT]) and ([3|) and 
have the required asymptotics as z ^ oo. We shall also find a solution ^o{z) defined in a disc 
neighbourhood of z = with a branch cut such that its monodromy matrix at the origin is in 
the Jordan canonical form. 

The solutions '^^ , and ^'o are written in terms of the bidifferential defining the rota- 
tion coefficients of the corresponding Frobenius manifold (see Section [3.4p . We start with the 
manifolds with rotation coefficients (j3ip and find the solution in terms of the bidifferential W . 

4.1 A system of contours on a Riemann surface 

For each z G C \ {0} we consider a linear vector space h.{z) spanned by n differentials of the 
form 



for k = 1, . . . , n defined on the surface. 

Here we define a certain space A*(2;) of equivalence classes of contours on the surface C] the 
integrals of differentials (j35p over these contours converge. We shall see later that the pairing 
given by the integral of the differential form over the contour defines duality between the spaces 
A(z) and A*{z). 

The space ^*{z) is the first relative homology of the pair constructed as follows. Let us 
denote by C the manifold obtained by blowing up the points {ooj}™Q on the surface C into 
small closed discs V-i. Let C := £ \ |JjP°, where 2?° denotes the interior of the disc There 
is a smooth map C ^ C taking the boundary dDi G £ to the point ooj G C This map allows 
us to extend the function A(P) from the surface C to the interior of C. Although A(P) is 
not defined on the boundary of C, its argument argA(i-*) is defined also for P G dC. Recall 
now that there are nj + 1 sheets of the covering A : £ — > CP^ glued together at the point 
ooj. Therefore, for each z G C \ {0} there are rij + 1 arcs in the boundary of the disc Vi 
where it/2 < arg{zA(P)} < 3tt/2. Let us denote by the manifold with a boundary obtained 
by glueing the open arcs {P G dVi \ tx 12 < arg{zA(P)} < 3tt/2} to the interior of C, i.e., 
C := C°\Ji{P e dVi I 7r/2 < arg{zA(P)} < 37r/2}. Then we define A*(z) := Hi{C',dC'). 

Now we shall construct n contours {Ckiz)}^^i on £ along which the exponent in ()35p 
is bounded for the given value of z. The equivalence classes corresponding to the contours 
{Ckiz)}^^i in the space A*(z) will be shown to form a basis in A*(z). 

Let us denote the coordinate on the base of the covering by C- Fix z ^ and consider a ray 
rfc(z) on the base of the covering going out of the branch point Xk in a direction such that for 



e'^(Q)W{Q,Pk) 



(35) 



C e rk{z) 



- < arg{z(C - Afc)} < — 



(36) 
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and such that Vk does not pass through any other branch point \j with j ^ k. Let us consider 
the ray as a slit with two banks. Consider an oriented contour Ck{z) which comes from the 
point at infinity along one of the banks of the slit rj., makes a small circle around the point 
and goes back to infinity along the other bank of the slit. 

There are two components in the preimage A~^(Cfc(z)) which cross a neighbourhood of the 
ramification point P^; the sum of these two components is equivalent to a small contour around 
the point P^,, which represents the zero element in the space A*{z). 

We need to specify a choice of one of the two components in X"^{Ck{z))- This choice affects 
the overall sign in the formula (j38p below for the solution with the given asymptotics ([5]), ([6]) in 
a neighbourhood of the irregular singularity. 

In the local parameter Xk{P) = y\{P) — Xk near the requirement ([55]) takes the form: 
7r/2 < s,ig{zx\} < 3it/2. This condition holds in two sectors in the x^-plane: 

cr±-= <Xk\ — < argjixfej <- — '> . (37) 

Let us choose the contour Ck{z) to be (in the equivalence class of) that component of 
X^^{Ck{z)) which approaches Pk in the sector 0"+ and goes away from P^ in the sector o"_. 

Thus the contour C^iz) starts at the point ooj, goes round Pk and ends at ooj for some, 
possibly equal, i and j. A change of the direction in which the contour Ck{z) winds around the 
point Pfc does not change the integral of a differential ()35p over the contour due to the vanishing 
of the residues of the differentials at P^. . 

The variation of the ray rfc(z) on the base keeps the corresponding contour Ck{z) in the same 
equivalence class as long as the ray rfc(z) remains in the sector ()36p and stays away from other 
branch points (i.e., if the deformation of the ray to a new position does not meet any branch 
points). Moreover, for finite values of z, the contour can be deformed in a neighbourhood of P^ 
as long as requirement (I36p is satisfied for projections of the end-parts of the contour lying in 
a neighbourhood of the point at infinity. In what follows we shall speak about contours on the 
surface C meaning the elements of the space A*(z) which they represent. 

Note also that projections \{Ck{z)) of the contours Ck{z) on the base of the covering do not 
depend on small variations of the branch points {Aj} of the covering. 



4.2 Construction of the solution 

Let (j) be the angle between the admissible line I and the real axis. Let us define the contours 
{C^} along which the forms (j35p are bounded for all z G 11''. The contours {Q} are equivalent 
to the contours {Ck{z)} for some z G and their projections on the base of the covering do 
not depend on z. Namely, for a point Q on the contour away from a neighbourhood of Pj. we 
require: 

arg(A(Q)-A,) = Y"'/'. 

Analogously, the set of contours {C^} is formed by fixing the direction so that the exponents 
in (j35p are bounded along the contours for any value of z in II' : for Q G C[ away from a 
neighbourhood of Pk 

arg(A(Q)-A,.) = ^-0. 
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Recall from the definition of contours Ck (see inequality (j37p and the comment after it) that 
the contour C^. crosses a neighbourhood of Pk so that in the local parameter xj. it passes from 
the sector where arg{xk) = 37r/4 — (f)/2 to the sector where arg(— x^) = 37r/4 — 4>/2. A similar 
condition for is induced by the definition of Ck{z). 

Thus the integrals of differentials ([35]) over contours (respectively, C[,) are defined for any 
z in the half-plane 11'' (respectively, II'). These integrals provide solutions for the linear 
system: 



Theorem 1 Let the contours CJ and Cj be as described above. The following matrix functions 
= (^'■j) and = {"^ij) defined in the half-planes and 11'", respectively, satisfy equations 
(CP and (0); 

These solutions have the following asymptotics as z tends to infinity: 

y^^l\z) = {\^0(\lz))Q'^ , z^oo, zeU^/'', (39) 

where U is the diagonal matrix U = diag{Xi, . . . , A„). 

Before proving the theorem let us look at the action of the unit vector field (j24p and the 
Euler vector field (j25p on the integrals from ()38p formulated in the following two lemmas. 

Lemma 1 Consider a covering of with simple finite branch points {A^}. Let Cj be one of 
the contours Cj or Cj. Then the following relation holds: 



k=l ■^^3 



e'^iQ)W{Q,Pi) = z e'^^^^W{Q,Pi). (40) 



Proof. To compute the sum of partial derivatives in the left hand side we use the identity 
^^=1 d\^h{{\i}) = ■^\^^Qh{{\i + 5}), where /i is a function of the branch points. 

Consider a biholomorphic map of the Riemann surfaces C ^ which acts in every sheet of C 
by sending the point P with the projection A(P) to the point P^ projecting to \{P^) = A(P) + 5 
on the base. The branch points {Aj} are then mapped to {Aj + 5}. 

The bidifferential W stays invariant under biholomorphic mappings of the surfaces, therefore 
the equality W{P, Q) = W\P^ , Q^) holds, where is the bidifferential W defined on . Since 
the local parameters Xi{P) = \J A(P) — Aj are invariant under the mapping, this equality also 
holds if one of the arguments of the bidifferential coincides with a branch point (see p9p for 
definition of the differential W{P^ Pi))'- 

W{P,P,) = W\p\Pt). (41) 

For the quantity e^^('3)p^(g^ p.) 

we have 



fc=l "^^j •'^i 
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which after changing the variable of integration and then using (j4ip proves the lemma: 

Here we used the invariance of the contours Cj under the mapping C ^ . □ 

Lemma 2 In the settings of LemmaUl the action of the Euler vector field 125\} on the integrals 
is given by 

j^^kdxj e^^^'^^WiQ,Pi) = z f \[Qy^^Q)w{Q,Pi)-\l e^^(«)w^(g, P,). (42) 

k=l '-i '-J 

Proof. Consider a biholomorphic map from the surface C to the surface which acts in each 
sheet of the covering by P i-^ P*^ where the point P^ is such that \{P^) = (1 + e)A(P). The 
bidifferential W is invariant under biholomorphic maps, hence M^'^(P^,Q^) = W{P,Q); the 
local parameter Xfc(P) = \/ A(P) — Afc becomes x^(P'^) = Xfc(P)vT+~e- Therefore W{Q^Pi) 
transforms as follows 

For a function of branch points we have (X^^ Afc5Aj.)/i({Ai}) = df\e=oh'^{{{^ + e)Ai}). Thus 
the left hand side of (H2l) becomes: 



The contours of integration do not change under the map £ — > jC*^. Therefore changing the 
variable of integration Q to Q*^ and using (j43|) . we prove the lemma: 

fc=i •''-J •''-J 



□ 

Proof of Theorem Ui To prove the first part of the theorem, we shall verify that each column 
of the matrices and satisfies equation ([1]). The (ij)-entry of the second term in the 
right-hand side of ([T]) for ^ = has the form: 

which, by virtue of the Ranch variational formulas psp for W, rewrites as 



i(F^).. = ^J- 



n „ n „ 

XkdxJ e^^(«)VF(g,P,)-A, / e^^(«)M^(g, P,) 

k=l,k^i ■^'^3 k=l,k^i ■^'^3 
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Expressing the sum of derivatives in the second term with the help of Lemma [T] yields 

eI' e'^^'^^W{Q,Pi)-\iZ f e^^(«%(Q,Pi) , 

where E is the Euler vector field (|25p . Using now Lemma [2] for the action of the Euler vector 
field, we obtain: 

/ A(Q)e^^(«%(Q,P,)-^ / e^^(«%(Q,Pi)-Ai [ e'^'^'^^W{Q,Pi) . 

J Cj J Cj ^ Cj 

Thus the (zj)-entry of the matrix in the right-hand side of ([1]) with ^ = is given by 

3 3 

which coincides with {dz^''^^^)ij- This proves that the matrices ()38p satisfy equation ([1]). 

The fact that the matrices (|38|) satisfy equation ^ follows from the compatibility of the 
system ([I]) , ([3]) . One can also verify this directly by using Lemma [1] and the Ranch variational 
formulas (jlSp for the bidifferential W. 

The asymptotics (j39p can be computed with the help of the saddle-point integration method 
(see P[22]) as follows. 

Let us consider the matrix function '^\z)e~^^ and prove that it behaves as 1 + 0{l/z) in 
the limit as ^; — > oo in H'. The entries of this matrix have the form: 

{¥{z)e-''^) =-l--L [ e'(m)-^.)w{Q,P,). (44) 

The saddle-point integration method is based on the idea that the asymptotics of the integral 
(|44p as z ^ oo estimates by the sum of contributions of the points on the integration contour 
such that for any fixed z £ C \ {0} : i) the complex modulus of the exponent under the integral 
attains at this point its local maximum over the contour; ii) the maximum cannot be made 
smaller by any small deformation of the integration path. 

As is shown in Theorem 1.6.1, these requirements are achieved for a point of maximum 
of the function Re{2:(A(P) — over the integration contour if and only if it coincides with 
a saddle point of the function (points where the derivative of (A — Xj) with respect to local 
parameter vanishes are saddle points of the harmonic function Re{2:(A(P) — Xj)}). 

For the integral ()44p there is only one such point: Q = Pj. For i ^ j the path of integration 
Cj can be deformed to pass through the ramification point Pj. Therefore, in the case of the 
integrals (j44p with distinct i and j one can apply the following asymptotic estimates obtained 
by the saddle-point method, see [8] paragraph 1.6. The contribution of the point Pj to the 
integral in (j44p for i ^ j is given by: \J —-k j z {W {Pj^Pi) + 0(1/^)). Thus, for the off-diagonal 
entries of the matrix (j44p we have (\I''(2;)e~^^) . . = OiXj z^ as z ^ oo. 

In the expression for diagonal terms of the matrix ()44p . the integrand is singular at the 
saddle point of the function Re{2:(A — Aj)} so the integration contour cannot be deformed to 
pass through it. However, the asymptotics of the integral as z ^ oo is also determined by the 
integral over the part of the contour lying in a small disc Dj centered at Pj : the integral over 



2i0F 



z^ ''i 2i0F^ 
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the remaining part of the contour is exponentiahy small. In the disc Dj the integral from (j44p 
has the form: 



2 

ZX 
I 3 



^ + ) dxj-, (45) 



.^3 



where z € II' and c is an arc in the x^-plane starting on the ray argXj = 7r/4 — c^jl ending on 
the opposite ray argxj = 57r/4 — and not passing through the origin. For simplicity, we 
take the start and end point of c to be ends of a diameter of Dj and denote them by itr with 
Rer > 0. The contribution of the holomorphic part of the expansion of W{P^ Pj) in (j45l) to the 
integral vanishes in the limit z — > oo. The integral f^e^^^ /x'j dxj after a change of variables 
:= —zx'j and integration by parts yields: 

-2^1 e-"'(iu + -e^^'. (46) 
JcV^z r 

omce Re{zr'^} is negative for z S II', the second term vanishes in the limit z — > oo. The first 
term reduces to the Gaussian integral as follows. Let us consider two vertical segments in the 
n-plane going from the ends of the contour c-y/^ to the real line. Note that the segments lie 
in the domain of the n-plane where Re{— n^} is negative for z G 11^ On one of the segments we 
have u = r\J—z it \y with < y < |Im{r-^— The modulus of the integral over this segment 
can be estimated from above by the quantity |r-^— zle^''^^'' J', which tends to zero as z ^ oo. The 

2 

integral of e~" du over the second segment is estimated similarly. Therefore, we conclude that 
the integral in ()46p in the limit z — > oo coincides with the Gaussian integral — Jj^ e~" du = —^pn. 
Thus, the quantity in (06]) tends to 2\J —z^pK as z ^ oo in II'. Therefore, for the diagonal entries 
of the matrix ([44]) we have lim (\l''(z)e"^'^) .. = 1. □ 



Theorem 2 The determinant of the solution (E^j to system (QP, ^ is given by: 

n 

det ^'Z*^ = exp{z^Afc}. (47) 
k=l 

Proof. The formula tic{{dzA) A~^} = (S^detA) (detj4)~-^ holds for any matrix function A(z). 
Applying it to ^{z), from the form of equations ([1]), (|3]) one obtains (|47p up to a constant 
factor. The asymptotics (j39p of the solution implies that the factor is equal to one. □ 

Remark 4 Theorems [1] and [2] imply that the contours {C^} (or, analogously, {C^} ) form a basis 
in the space A*(z) dual to the space of differentials (I35p . where z is in the right (left) half-plane. 



Remark 5 Let us briefly discuss the relationship of our formula (|38p to previous results of 
Dubrovin and Krichever. The contours on the Riemann sphere given by the projections A(Cp 
and A(C[) were used in f7]. Lecture 5 for describing the fundamental solution to ([I]) having 
the asymptotics (|39p at infinity in terms of solutions to an auxiliary Fuchsian system of ODE 
(whereas in our case the form we integrate is defined by purely algebraic data). Moreover, 
Dubrovin gives formulas for flat coordinates of the deformed connection on the Frobenius man- 
ifold in |7], formulas (5.62) and (5.69), and the relationship of these coordinates to the function 
^ in [6], formula (3.119). Using these relations and the formalism of the author's paper 
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which expresses all ingredients of Dubrovin's construction in terms of the bidifferential W (|12p . 
it is possible to arrive to formulas (I38p in an alternative way. 

In Krichever's paper [16j solutions to the WDVV equations which generically do not satisfy 
the quasihomogeniety condition were studied. In Theorem 4.5 of [H] a solution to a linear 
system which is equivalent to our isomonodromy conditions ([3]) rewritten in the flat coordinates 
on the Frobenius manifold was given (without proof). However, Krichever's solution is only 
formal: no integration contours are given nor is the completeness of the set of the solutions 
discussed. 

Proposition 2 The solution "if^ (respectively given by Theorem[l\ admits analytical con- 
tinuation preserving the asymptotics i39\) into the smallest sectorial neighbourhood of the right 
(respectively left) half-plane bounded by a pair of the Stokes rays. 

Proof. The projection of the contour in (j38p is fixed in such a way that the quantity 
Re{2:(A(P) — Afc)} is negative for all values of z in the right half-plane 11''. The validity of 
this condition implies, by virtue of Theorem [H the required asymptotic behaviour (j39p for the 
solution If the values of z are restricted to a small sector in 11'' adjacent to the ray Z+ then 
the integration contour can be deformed to include the sector of the left half-plane between 
1+ and the next Stokes ray into the condition Re{z(A(P) — Xk)} < 0. Namely, consider the sector 
containing the ray /+: 

(j) - e < argz < (f) -\- e, (48) 

where e > and (p is the angle between the ray Z+ and the real line. Let the contour be 
obtained from by a clockwise e-turn about the point : for P belonging to the equality 

arg(A(P)-Afe) = — -(/.-£ (49) 

holds. Then the matrix function given by the expression (|38p with the integration contours 
replaced by the new contours {C^} gives the analytic continuation of the solution into the 
sector (j) < arg z < (j) -\- e in the left half-plane. The new solution has the required asymptotics 
(j39p as \z\ ^ oo in the sector (j48p as follows from the proof of Theorem [TJ As is easy to see, in 
the part of the sector ()48p lying in the right half-plane the integrals ()38p over contours and 
coincide: "^Kz) = ^"^(z) for z such that cj) — e < argz < (j). 

The parameter e can be increased till the ray argz = (p + e meets a Stokes ray rij. After 
that the analytical continuation preserving the asymptotics (j39p breaks down since the set of 
contours {C^} (|49p is no longer a smooth deformation of the set {C^} : there is k such that the 
contour can no longer be obtained by turning the contour about P^ since a branch cut 
joining the points Pi and Pj will be in the way of such a deformation. 

The analytic continuation of \E''" beyond the ray /_ and the analytic continuation of are 
made analogously. □ 

From the form of solutions ()38p one sees that a transformation which takes one of the matrix 
functions to another one amounts to the transformation between the respective systems 

of integration contours on the Riemann surface. 

Namely, the analytical continuation of the solutions ^'' and (j38p into a small sector 
containing the ray inside is made by the deformation of the integration contours and C\. 
into the contours and as described in the proof of Proposition [2l The contours and 
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C[ belong to the space A*{z^) for z+ E l^. The two system of contours {C^j^^^ and {C^}^=i 
give two bases in the space A*(z+), therefore they are related by a linear transformation. This 
transformation is given by the Stokes matrix ^ of equation ([1]). 
In other words, the following theorem holds. 

Theorem 3 Consider a Frobenius manifold structure on the Hurwitz space and the corre- 
sponding linear system (Op. Let / = /_ |J /+ be an admissible line in the z-plane for the system. 
Consider two systems of contours {CJ} and {Cj} on the covering of the Riemann sphere de- 
fined above, which form two bases in the space A* (2;+) with z^ G /+. Then the matrix S of 
transformation between the two bases 

{C[,. . . ,Cn) = (C[, . . . ,Cn)S 

is the Stokes matrix of the Frobenius manifold. 

Examples of computation of the Stokes matrix will be given in Section [5j 

4.3 Monodromy matrix at zero: Jordan canonical form 

Alternatively to dividing a neighbourhood of 2; = into two domains 11'' and II' , one can consider 
a disc neighbourhood of the origin slit along the segment of the ray /_ lying in the disc - we 
denote this domain by D. 

In this section we shall construct a fundamental solution ^'o defined in D whose monodromy 
Mq around the origin is given by a matrix in the Jordan canonical form. The asymptotics of 
the solution ^'o at 2; = 0, similarly to the asymptotics (jlOp of , has the form: 

^o{z) ~ G{z)z^'z^Co, z ~ 0, 

where Co is a constant matrix. On the overlap of the domain D and the right half-plane 11'' the 
solutions ^0 and W are related by 

^,{z) = ^'{z)C, (50) 

where C is called the connection matrix. Thus the constant matrices in the asymptotics of the 
solutions and ^'o at the origin satisfy Cq = C^C. The matrices Mq and C are related to 
the Stokes matrix and to the monodromy M of the solution around the origin by Mq = 
C-^S^S-^C = C-^MC. 

We start with constructing an auxiliary solution ^0 given by the integrals of the form (j38p 
over a natural system of contours on the Riemann surface. These contours denoted by {7^ (z)}'^^-^ 
are defined as follows: 

• for k = 1, . . . ,2g the contours 7^ are given by a- and 6-cycles on the Riemann surface (the 
canonical homology basis of £). 

• for k = 2g -\- 1, . . . ,2g -\- m the contours 7^ are the m cycles encircling points ooi, . . . , oOm 
counterclockwise; we shall also denote these cycles by {Vj}™^. 

^ This theorem and Theorem |4] below were conjectured by C. Herthng (private communication). 
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Consider a loop on the base of the covering encirchng the point C = oo counterclockwise such 
that all points lie outside of the loop. Corresponding to this loop there is a permutation of 
sheets of the covering, which we denote by a. Assume also that the sheets are ordered so that 
the point ooq belongs to the sheets from the 0th to the noth; the point ooi belongs to the sheets 



The contours from the next two groups start and end at the points on the covering projecting 
to the point at infinity on the base. The direction in which the contours leave and approach 
these points depends on arg{z} and is determined by the condition for Q G 7fc (-z) , A: > 2^ + m : 



• for k = 2g + m + 1, . . . ,2g + 2m the contours are given by the m paths (denoted by 
Woi{z), i = 1,... ,m) connecting oOq with ooj, i / 0, approaching the endpoints in the 
direction fixed by (j5ip on the 0th and k^th sheets, respectively. 

For definiteness in the choice of the contours let us connect all points cci by a curve in the 
fundamental polygon of the surface. Then we require the contours Woi{z) to lie inside the 
fundamental polygon and not to cross the curve connecting the points ooj. 

• for k = 2g + 2m + 1, . . . , n where n = 2g + 2m + X^^^q • ^ ^ i^' ■ ■ ■ ' take 
rii contours Ti-a{z) with a = l,...,nj. The contour Ti-a{z) leaves ooj along a direction 
satisfying (jSip on the sheet number a°'^^{ki) at ooi, goes counterclockwise around the 
point ooj to the sheet number a"{ki), and there comes back to ooj in the same direction 
(projection of Ti-aiz) on the base of the covering winds around the point at infinity once; 
the contour crosses only the branch cuts ending at ooj). These contours are also required 
to lie inside the fundamental polygon of the surface. 

Proposition 3 The contours {'7k{z)}k=i defined above on the covering X : C —>^ CF^ constitute 
a basis in the space A*(z). 

Proof. The proof follows from the definition of the space A*(2:) as the first relative homology 
group of the pair {£.^,dC^), see Section liTTl 

Alternatively, it is easy to see that the contours Cfc(z) for finite z ^ constructed in Section 
14.11 can be decomposed in the space A*(z) into linear combinations of the contours 'jki^) listed 
in the proposition. To every contour Ck{z) for z G C \ {0} a linear combination of the paths 
{Woj(-z)} and {Ti-aiz)} can be added so that the result is a closed contour on the surface not 
containing any of the points cxDj. Such a closed contour is representable in the space A*(z) as 
a linear combination of the a- and 6-cycles on the surface and the contours {Vi} encircling the 
points {ooj}. □ 

The next proposition gives a solution of system ([T|), ([3]) defined in the domain D. 

Proposition 4 Let D be a disc neighbourhood of z = with a branch cut chosen along the 
segment of the ray /_ lying in the disc. The following matrix ^o(-2), defined for z G D, solves 
equations ([iP and 




- < arg{zA(Q)} < — . 



(51) 




(52) 



Here ^j{z) are the contours from the basis in the space A*(z) given by Proposition\^ 
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Proof. The integrals (j52p do not depend on the direction in which contours of integration 
"fj^z) approach points at infinity as long as the argument arg{zX{Q)} remains between tt/2 and 
37r/2, as in (j5ip . for any point Q on the contour in a neighbourhood of one of the points ooj. 
Therefore, we can consider "fji^z) as contours independent of z when differentiating the matrix 
^'o with respect to z. Their dependence on z only comes into play when one studies the global 
behaviour of the solution, such as monodromy of ^'o as z runs around the origin. 

Thus, the proof of the proposition repeats the first part of the proof of Theorem [TJ □ 
Let us now look at the monodromy transformation of the solution ^'o under analytic contin- 
uation around the origin. This transformation consists of the change of sign in the overall factor 
'i-/\/z in ()52p and of the transformation of the integration contours "yj{z). The next theorem 
gives the Jordan form of the monodromy matrix. 

Theorem 4 When the argument z of the solution ^o{z) i52^) encircles the point z = in the 
counterclockwise direction, the matrix ^'0(2;) transforms to another solution ^o(z)Mq with the 
monodromy matrix Mq having the following blocks in the Jordan canonical form: 

• 2g blocks of the size 1 with the eigenvalue —1 

• m blocks of the size 2 with the eigenvalue —1 

• Ui blocks of the size 1 with the eigenvalues — e^'^'^/C^i+i) yjfigj-^ q, = l,...,ni for any 
i = 0, . . . , m 

Remark 6 The eigenvalues of the monodromy matrix Mq are equal to e^'^^H ^ where {fJ-j} are 
the eigenvalues of the matrix V, the spectrum (see Proposition [T]) of the associated Frobenius 
manifold. 

Proof. The quantity under the integral in (j52p is singlevalued in z, but the contours of 
integration change as z winds around the origin. Therefore, the monodromy matrix, up to the 
minus sign, is given by the matrix which transforms the system of cycles {"fj^z)} to the new 
system of similar cycles {"fjize^^^)} obtained from {"fjiz)} by a smooth deformation following 
the change in the argument of z. 

The cycles "yj{z) ior j = 1, . . . ,2g + m (the cycles {a^; bk} and {Vj}) do not depend on z. 

For the remaining contours, 'Jj{z), j > 2g + m, the increase of 2tt in the argument of z 
results by ()5ip in the turn of the end-parts of the contours by the angle of 27r/(nj + 1) in the 
local parameter (recall, that we take the local parameter at ooj to be A~^/*^"''^^)). 

Therefore, the path Wok for 1 < k < m connecting ooq to ook transforms to Wok = Wok — 

+ '^k;i if no > and > 0; if any of the ramification indices vanishes, the corresponding 
cycle To-i or T^-^ is replaced by Vq or V^, respectively, in the above expression for the transformed 
contour Wok- 

The contours {Ti-a} permute cyclically in each group of contours connecting one of ooj with 

itself: for i / the group is {7^;i, 7^;2, • • • , %;ni, Vi - Ti^ - Ti^ %;ni]] for i = the cyclic 

permutation is done in the following group of contours: {T^-i, . . . ,Z)-no) —% \ — ■ ■ ■ — To no — 

From these considerations one sees that for the first 2g + m columns of the monodromy 
matrix the only non-zero element is —1 on the diagonal of the matrix. The minus sign comes 
from the factor \l\fz in the solution ^o(-z) (|52p . As is also easy to see, the first 2g rows and 
the m rows from (2g + m + l)th to (2g + 2m)th (corresponding to the paths connecting points 
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at infinity on different sheets) have the similar structure: their only non-zero elements are — 1 
on the diagonal. Thus, the monodromy matrix has 2g + 2m (counting multiplicity) eigenvalues 
equal to —1. 

In order to find its Jordan canonical form, we introduce a new basis of contours in the space 
^*{z), z £ D, which will be referred to as the Jordan basis of contours. Formula (j52p with 
the contours 'Jjiz) replaced by the new contours defines a solution ^oiz) in the domain D (see 
formula (j53p ). The monodromy transformation of the solution ^oiz) under analytic continuation 
around z = counterclockwise will be denoted by Mq; it is given by the matrix in the Jordan 
canonical form. 

The Jordan basis of contours {Fj}"^^ consists of: 

• a— and b— cycles: {ofc; bkYk^i, 

• {T2A:~i}"=i, where T2k-i ■= NVk] 

• {'^2k{z)}^^i : For a sheet not containing the point oo^ there are (n^ + 1) paths starting at 
the point at infinity on the given sheet and ending at the point ook on one of the (n^ + 1) 
sheets glued together at the point oofe. Let the end-parts of the paths approach the points 
at infinity in the direction specified by (iSTI) . The contour T2kiz) is the sum of these paths 
oriented from the point oo^ (the sum is taken over all sheets not containing oo^). As 
is easy to see, the contours T2k{z) are linear combinations of the contours Woi{z) from 
Proposition [3l 

• {Ai-a{z) I Q = 1, . . . , Ui} for each i = 0, . . . ,m : 

2'K\k 

Ai;a(z) := Vi + ^{ei-a(n,+i~s) " l)'7i;s(^;), where Si-k = exp 



Let us now see how these contours transform when z goes around zero. The a- and 6-cycles 
and the cycles T2fc-i do not change. Using the above definition of the contours T2fc, after a 
simple computation we see that T2k[ze'^'^^) = T2k{z) — T2k-i{z)- For the contours Ai-a{z) using 
the relation £r-a = £i;ani for a < rii we get Ai-a{ze^^^) = ei-aA.i-a{z). 

Thus, we obtain a solution ^'o defined by 

{^,{z)\^ := / e^^(«)w(Q,P,) (53) 

with integration contours being {Fj(z)}"^i = { {ak,bk}l^^; {T2k-i,'T2k}f=i; {A-i-a \ a = 
1, . . . ,ni}YLi } taken in this order. As can be seen from the above calculation, the monodromy 
matrix Mq of ^(,{z) at z = is in the Jordan form claimed in the theorem. □ 

Analogously to Theorem [3] one finds the connection matrix C defined by (jSOp : it gives 
coordinates of the Jordan basis of contours \Tj[z)} from Theorem H] with respect to the basis 
{CJ}"^]^ in the space ^*{z) with z belonging to the intersection of the domain D and the right 
half-plane. 

Proposition 5 Consider a Hurwitz Frobenius manifold and the corresponding linear system 
Let Z = /_ U ^+ be an admissible line in the z-plane for the system, which divides the plane into 
two half-planes W andllK Let the contours {Fj}"^^ be the Jordan basis of contours constructed 
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above, and the system of contours {CJ} be as in Section \4-S\ Then the matrix C such that the 
equality 

(ri, . . . ,r„) = (c[, . . . ,c^)c 

holds in the space A*(z) with finite z ^IT is the connection matrix Ii50\). 

Examples of computation of the connection matrix will be given in Section [5l 

4.4 Other Probenius structures on Hurwitz spaces 
4.4.1 Deformed Probenius manifolds 

By deformations of Hurwitz Frobenius manifolds we mean the Probenius structures on Hurwitz 
spaces 'Hg-no,...,nm with rotation coefficients (f32]) given by the bidifferential Wq (fill) . We shall 
say that associated to these manifolds is the deformed Riemann-Hilbert problem. The deformed 
system of matrix differential equations ([T]), ^ has the form 

d,^^{z) = {U + W^)^^{z), (54) 
dx,^^{z) = {zE, - [E,,T^])^^{z), (55) 

where the diagonal matrix U is the same as before and Fq and Vq denote the matrices F and V 
from ([5]) built from rotation coefficients (|32p . 

A solution ^'q of the deformed Riemann-Hilbert problem (|54p. (|55p can be written similarly 
to the non-deformed case. Theorem [1] with the bidifferential W replaced by its deformation Wq 
(|14p gives a solution to the system (j54p . ()55p and, therefore, to the Riemann-Hilbert problem 
associated to the deformations of Hurwitz Frobenius manifolds: 

(</%.(z) := -i^^ / e^'(«)W^q(Q,P.). (56) 

A proposition similar to Proposition [J] holds for the deformed problem. Namely, formula (j52p 
with W replaced by VFq gives a solution to (j54p . (j55p defined in a the domain D at the origin. 

The next theorem describes the relationship between solutions to the deformed and non- 
deformed systems. 

Theorem 5 The solution ^ of the system ([I]), ^ and the solution ^'q of the system (ESP 
are related by 

M/q(z) = (l - ^Tq) ^{Z). (57) 

Here 1 denotes the identity matrix; and ^ denotes either of the solutions or given in their 
domains by TheoremUl Similarly, ^'q denotes the respective deformed solution. The matrix Tq 
is a symmetric matrix with the entries: 

9 

(Tq),, = vri ^ (B + q),/ u;kiP^U{PJ), (58) 
k,l=l 

where ^"^ basis of holomorphic normalized differentials andM is the Riemann matrix 

of the surface C. The constant symmetric matrix q is the matrix of parameters from ( flTP . 
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Proof. The theorem can be proved by a direct computation as follows. Relation (j57p is equivalent 
to 

/ e^^(«)Tyq(Q, P,) = [ e^^(«) E (l " -Tq) WiQ, P,), (59) 



where p stands for any of the contours Jkiz), or from Proposition [3] and Theorem [TJ Using 
the definition (I58|) of the matrix Tq and the Ranch variational formula ()20|) for the holomorphic 
differentials loi, we rewrite the right-hand side of (j59p as follows: 

e^^iQ)W{Q,Pi)-—Y, (IB + q),/a;fc(P.)^aA^. / e^"(«)u;KQ)- (60) 
^ k,l=i j=i •'P 

For the sum of the derivatives with respect to the branch points \j we have the relation: 

Y,d,^ [ e^'(^U{P) = z [ e^^(^)a;,(P), (61) 
j=i J p J p 

which can be proved by the method of the proof of Lemma [U using the invariance of the 
holomorphic normalized differentials under biholomorphic mappings of Riemann surfaces. 

Plugging (f6TI) into (f60ll and using the definition (fill) of the bidifferential Wq, we obtain the 
left-hand side of (I59I1. □ 



Corollary 1 The matrices S,Mo,C for the deformed Riemann- Hilbert problem ((5^[ ), Ii55\) co- 
incide with those for the non-deformed problem (1^, (0) discussed in Sections \4-^ and \4-3[ 

Remark 7 The determinant of the matrix Gq(z) := l — Tq/z of the transformation ()57p equals 
1 as a corollary of the equality det ^'''/^ = det \I'q'^' , which in turn follows from the fact that a 
theorem similar to Theorem [2] holds for the deformed solution ^'q . The matrix G also satisfies 
Gq(— z)Gq(z) = 1 for the matrix vanishes due to the relation 

n n 

i=i i=i 

The last equality in ([62|) is proved, for example, by putting z = and p = 6^ in formula (j6T|) . 



4.4.2 Real doubles of Frobenius manifolds 

In this section we work with the real Hurwitz space, i.e., with the space Ti.g-no,...,n„^ of cove- 
rings where the set of local coordinates is formed by the branch points of the coverings and by 
their complex conjugates: {Aj-; Aj}"^^. Rotation coefficients of Frobenius structures on the real 
Hurwitz space [20] are written ()33p in terms of the Schiffer and Bergman kernels Q and B (I16p , 
(|17p . A solution to the associated Riemann-Hilbert problem is a 2n x 2n matrix which satisfies 
the linear system ([T]), ([3]) with the diagonal matrix U = diag{Xi, . . . , A„, Ai, . . . , A„) and 2n x 2n 
matrices F and V formed by the rotation coefficients ()33p as described by ([2]) and in Section [3.41 
We shall refer to this Riemann-Hilbert problem as the Riemann-Hilbert problem for doubles. A 
solution to this problem can be written in terms of the Schiffer and Bergman kernels analogously 
to the formulas (j52p and ()38p for the matrix ^. The solution will be denoted by ^ns', it is given 
by the next theorem. 



26 



Theorem 6 The solution to the Riemann-Hilbert problem corresponding to the real doubles 
of Hurwitz Frobenius manifolds is the following 2n x 2n matrix consisting of four n x n blocks: 



1 1 

2i^/7r ^/z 



(63) 



Each block is given by its (ij)-entry; i,j £ {1, . . . ,n}. The rows in blocks are labeled by ramifi- 
cation points, i.e., by the indices i G {1, . . . ,n}. The contours CJ are the same as in Theorem 
[7J The solution ^'[^^ in the left half-plane II' is obtained from by replacing the contours CJ 
with the contours Cj. 

Proof of the theorem is analogous to that given above for Theorem [TJ Similarly to Theorem 
[2]we compute the determinant of the solution ^ 

I 

Theorem 7 The determinant of the solution from Theorem \o\ is given by: 

n 

det ^fsiz) = exp{z ^(Afc + Afc)}. 

k=X 

The next theorem establishes a relationship between the solution ^{z) to the Riemann- 
Hilbert problem for the family of Hurwitz Frobenius manifolds and the solution ^'^^(z) to the 
Riemann-Hilbert problem for their real doubles. 

Theorem 8 Let ^{z) be the nxn matrix solution to the Riemann-Hilbert problem from Theorem 
U\ ( expressed in terms of the bidifferential W ). The solution ^'ns from Theorem\E of the Riemann- 
Hilbert problem for the real doubles can be obtained from the matrix function ^ by the following 
transformation: 



-T 

z 



^{z) 
^ 



(64) 



Here 1 denotes the identity matrix. By ^ we denote any of the matrices , ^'^ considered 
in their domains; and "^qb stands for one of the ^'^g, ^I'ns' respectively. The matrix T is the 
following symmetric 2n x 2n matrix consisting of the four nxn blocks. Each block is given by 
its {ij)-entry; i, j G {1, . . . , n} : 



T := - 
2 



/ {Y.ii=i{i^Wki ^k{Pi)uJi{Pj)) {-Y.ii=Ai^Wki MPMiPj)) \ 



\ 



Eii=i (ImB),/ MPi)^l{Pj) El 1=1 (ImlB)^' u^k{Pi) u^liPj 



(65) 



where {uJk}f.^i is the basis of holomorphic normalized differentials andM is the Riemann matrix 
of the surface C. 



The proof can be obtained by a direct calculation analogously to the proof of Theorem [5l 
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Corollary 2 The Stokes matrix, the monodromy at the origin and and the connection matrices 
corresponding to the Riemann-Hilbert problem for the real doubles have a block- diagonal structure 
with two blocks. The blocks are given by the respective matrices from the monodromy data of 
the Riemann-Hilbert problem for Frobenius structures on the complex Hurwitz space ( described 
in Sections \4-S\ and \4-3\ ). 

Remark 8 Similarly to the matrix Tq, the matrix (165p vanishes as a corollary of relation 
(I62p . Therefore, similarly to Gq in Remark [TJ the matrix G{z) := 1 — T/z of the transformation 
([M]) satisfies the relations: detG(z) = 1; G^{-z)G{z) = 1. 



4.5 Isomonodromic tau-function 

The isomonodromic tau-function Tj associated to monodromy preserving deformations of a sys- 
tem of linear ordinary differential equations was introduced in [llj . The function T/ is a function 
of deformation parameters; it plays an important role in the theory of isomonodromic deforma- 
tions. In [11] it was conjectured that is holomorphic everywhere in the space of deformation 
parameters outside of the hyperplanes where the values of any two deformation parameters co- 
incide. This conjecture was proved in [3l |T7]. In our case the deformation parameters are the 
coordinates {A^} on the Frobenius manifold. The tau-function Tj is thus holomorphic on the 
universal covering of the space C" \ {(Ai, . . . , A„) | A^ = A; with k ^ I}. The set of zeros of 
the function Tj in this space is called the Malgrange divisor; the solvability of the corresponding 
Riemann-Hilbert problem can be described in terms of this divisor. For example, for the given 
matrices ji, R and S (see Section [T2|) the solution always exists outside of the Malgrange divisor 

In this section we summarize the known results on isomonodromic tau-functions of the 
systems ([I]), ([3]) associated to Frobenius manifolds studied in the paper: the tau-functions are 
computed in terms of objects defined on the underlying Riemann surface. 

For our system ([T|), ^ corresponding to a Frobenius manifold, the definition [11] of the 
tau-function reduces, according to Examples 5.2 and 5.3 in [TT], to: 

^^■■=- E i=l,...,n. (66) 

As was shown in [14J, for the Frobenius manifolds with rotation coefficients (3ij given by the bidif- 
ferential W ()12p . the isomonodromic tau-function Tj ()66p coincides with the so-called Bergman 
tau-function Tw, introduced and computed in [13] (note that the definition of logT/ used in |14j 
differs by a factor of —1/2 from the definition of [TT] cited here (|66p l. The Bergman tau-function 
is defined in terms of the bidifferential W as follows. 

Denote by the following term in the asymptotics of W{P, Q) (|12p near the diagonal 

1 

Q^p y{x{p)~x{Q)y 

(the quantity 65"^ (a; (P)) is called the Bergman projective connection ^). Choosing the local 
parameter to be Xi{P) = \/A"^^\^ we denote by BY the value of at a ramification point Pi : 



W{P, Q) =^ ( + 5^(x(P)) + o(l) ) dx{P)dx{Q) 



(67) 
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Since the singular part of PF-kernel in a neighbourhood of the point Pi does not depend on coor- 
dinates {Aj}, the Rauch variational formulas (jlSp imply d\.SY = W'^{Pi, Pj)/2. The symmetry 
of this expression with respect to the indices i and j provides the compatibility of the system of 
differential equations which defines the tau-function Tw : 



d log 1 



dXi 2 



5f, i = l,...,n. (68) 



The Bergman tau-function (j68p first appeared in ^15j where it entered the expression for 
the isomonodromic tau-function corresponding to the Riemann-Hilbert problem with Fuchsian 
singularities and quasipermutational monodromy matrices. In [13] Tw was computed in terms 
of the prime form, theta-functions and holomorphic normalized differentials on the Riemann 
surface. It was also shown that t^- has no zeros in the universal covering of the space C" \ 
{(Ai, . . . , A„) I Afc = A; with k ^ I}. This implies that the Malgrange divisor for the tau-function 
Tj (|66p is empty. Hence the Riemann-Hilbert problem associated to the Probenius structures on 
Hurwitz spaces from [6] is solvable for any point of the Hurwitz space 'Hg-no,...,nm- 

The isomonodromic tau-function T/q for the deformed Frobenius manifold structures can be 
also expressed in terms of the Bergman tau-function. As was shown in [21], r^q = det{M + q) 
(note that the definition of logr^ in [21] is consistent with that of [13] and therefore is different 
from the one used here by a factor of —1/2). 

In the case of real doubles, the Frobenius manifolds with rotation coefficients (|33p . let us 
denote the isomonodromic tau-function by r"^; the definition (j66l) in this case becomes: 

L L 



L L 



^^ = -E4(A.-A.)- E 4(A.-A.). 



(69) 



The tau-function r"^ is related [20] to the Bergman tau-function by t^^ = |r^yp det(ImB). 
Thus, we can formulate the following 

Theorem 9 The isomonodromic tau-function Tj i66\) with (3ij = W{Pi, Pj)/2 (corresponding 
to the Frobenius structures on Hurwitz spaces from JBjl) coincides with the so-called Bergman 
tau-function Tw (E3^ computed in fl^ : Tj = Tw 

The isomonodromic tau-function defined by i66\) with (5ij = VFq(Pj,Pj)/2 (corresponding to 
the deformations of the Frobenius structures on Hurwitz spaces from [Bi) is given by 

T/q = Tw det(B + q), 

where B is the Riemann matrix of the underlying surface and q is the symmetric matrix of 
parameters. 

The isomonodromic tau-function defined by Ii69\) and the rotation coefficients Ii33\) corre- 
sponding to the real doubles of the Frobenius structures on Hurwitz spaces from ^G] is given 
by 

rf^ = IrvKpdet(ImB). 
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Since the Bergman tau-function Tt^ vanishes nowhere in the universal covering of the space 
C" \ {(Ai, . . . , A„) I Afc = A; with k ^ l], Theorem [9] imphes that the Malgrange divisor of the 
isomonodromic tau-function T/q coincides with the divisor (fT5|) in the space 'Hg;no,...,nm- Formula 
(I56p shows that, in accordance with the general theory, the solution to the Riemann-Hilbert 
problem corresponding to the deformations of Frobenius manifolds fails to exist exactly at the 
points of the divisor (llSp . The Malgrange divisor of the tau-function r^^ of the real doubles is 
empty. 

5 Monodromy data: examples 

In this section we look at various examples of Hurwitz spaces and compute the Stokes matrix, the 
monodromy matrix at zero and the connection matrix for the corresponding Riemann-Hilbert 
problems. We restrict ourselves to the case of rotation coefficients (j3ip given by the bidifferential 
W (i.e., to the case of Frobenius manifold structures on Hurwitz spaces from [6]). All written 
in this section is valid for the case of rotation coefficients given by the deformed bidifferential 
Wq, the monodromy matrices {S, C, M) for the real doubles can be obtained from the ones 
computed here using Corollary [21 Section 14.4.21 

5.1 Set-up 

In this section we list a few assumptions on the coverings under which we work in the sequel. 

Recall that for a fixed line I dividing the z-plane into the half-planes H'' and II' the form of 
the Stokes matrix depends on the arrangement of the branch points on the plane: an off'-diagonal 
entry Sij vanishes if the corresponding Stokes ray rij ([Tj) belongs to the right half-plane H^, or, 
in other words, if Re{z{\i — Xj)} > for z € /+. 

We shall work with the configurations of branch points for which the Stokes matrix is lower- 
triangular. Let / be an oriented admissible line in the z-plane; and let (j) be the angle between 
/ and the real axis. Since the condition Sij = for i < j is equivalent to RejzAj} > RejzAj} 
for argz = (f> and i < j, we need the branch points to be ordered so that after rotating the set 
{'^A;}fc=i by the angle cj) we would get a set of points ordered according to the descending real 
part. Such an ordering is shown in Figure [2j 



Namely, we define an oriented line I such that the angle between / and the real line is 
TT — 4>. Then we place the branch points {Xk}^^i on the ^;-plane and consider their orthogonal 




Figure 2: Ordering of the branch points. 
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projections on the line I. We enumerate the projections in the ascending order in the direction 
of the orientation of the hne /. Note that no two projections coincide since / is an admissible line 
for the equation. A branch point is then assigned the label of its projection on the line /. For 
such ordering of the branch points, the entries of the Stokes matrix which lie above the diagonal 
vanish. Recall, that all diagonal entries of the matrix S are equal to 1. 

In addition we assume that the branch cuts can be chosen to join the neighbouring ramifi- 
cation points, i.e., the points Pi and P2, P3 and P4, and so on (where Aj = X{Pi)). 

Let us also assume the sheets of the covering to be ordered. Recall that the contours and 

are defined to pass through a neighbourhood of the corresponding ramification point in 
a determined way: see inequality (j37p and the comment after it. Therefore, we need to make 
the following assumption for the local parameters near the points Pfc. Among the two sheets 
glued together at the point we shall call the sheet with a smaller label the "lower" sheet 
and the other one the "upper" sheet. Then we assume that the branches of the local parameter 
Xfc(P) = A(P) — Afc near the point P^ are chosen so that the ray argx^ = 37r/4 — (/)/2 belongs 
to the lower sheet and the ray aigx^ = —ir/A — (j)/2 to the upper sheet glued together at the 
point Pfc. In other words, the contours in a neighbourhood of the point Pfc pass from the 
lower to the upper sheet of the covering. 

Let us summarize the assumptions we made. In what follows we shall refer to them as 
assumptions Al, A2 and A3: 

Al: The configuration of branch points is such that RejzAj} > RejzAj} for argz = cj) and 
i < j, i.e., the branch points are ordered as shown in Figure [2l Note that this ordering 
depends on the choice of the separating line /. 

A2: Pairs of ramification points with successive labels, i.e Pi, P2, and P3, P4, and so on are 
connected by a branch cut. 

A3: The contours pass from the lower to the upper sheet of the covering in a neighbourhood 
of the ramification point P^. 

In the subsequent examples we assume that the separating line and the branch points are 
chosen as in Figure [2j 

5.2 The Hurwitz space 7io;o,o 

The Hurwitz space 'Ho;o,o is the space of two-fold genus zero coverings with two simple finite 
branch points Ai and A2. These coverings can be graphically represented by the Hurwitz diagram 
given by Figure O 

Despite its simplicity, the monodromy data in this example exhibits a structure which is 
shared by the monodromy data of Frobenius structures on all Hurwitz spaces considered below. 
Namely, we shall see that the Stokes matrix computed in this section will appear as a diagonal 
block in all subsequent examples of the Stokes matrix. 

Let us fix a value belonging to the ray /+. The solutions \f and (I38p can be analyti- 
cally continued into a sector neighbourhood of the ray /+ as in Proposition [2] and Theorem [3j 
The corresponding contours and (see Proposition [2]) belong to the space A* (2;+). Their 
projections on the base of the covering satisfy: 

arg(C - Afc) = y - (A - e, C G pr(CD; 
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Figure 3: The Hurwitz diagram for the space 'Ho;o,o- 

arg(C - Afc) = I - (/) + e, (e pr{Ci) 

with a small e > 0. A clockwise rotation of the projection pr{CJ.) towards pr{C\^ in the ^-plane 
induces a deformation, smooth in a neighbourhood of the ramification point P^, which takes 
the contour into Figure [H shows the contours and = 1,2 for the choice of the 

separating hne I as in Figure [2] (when drawing a picture we do not distinguish between the 
deformed contours C^, C\. and the contours C^, C\^). 

1st sheet 




0th sheet 



Figure 4: Contours C\. and CJ, for the space 'Ho;o,o- 

The Stokes matrix gives the coordinates of the contours C\. with respect to the basis of 
contours in the space A*(z+), 2:+ G /_(., given by {C^}, see Theorem [3l 
The contours are related by: 

pl pr n/ir pi pT 

— ^1 ~ ■^^21 "-2 — ^2- 

This can be seen from the picture as follows. The contour C\ — C2 is equivalent to a contour 
on the 0th sheet encircling the branch cut counterclockwise (and to a contour on the first sheet 
encircling the branch cut clockwise) . The same contour is equivalent to C{ +C\. Recall that the 
contours CJ can go around the ramification point in either direction since the residues of 



the differentials (|35p at the ramification points vanish. 

Thus the Stokes matrix of the Frobenius manifold structure on the Hurwitz space TLo-ofi (i-e., 
the Stokes matrix ([9]) of the corresponding equation ([T])) has the form: 

S''°^° ={ ^ M . (70) 
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Let us now compute the connection matrix (j50p . 

The contours {€[,€2} give a basis in the space A*{z) for z G 11'', \z\ < 00. Another basis 
in this space is given by Proposition [3l It consists of the contour Vi, encirchng the point 00 1 
(the point on the sheet number 1 projecting to A = 00 on the base) counterclockwise, and the 
contour Wqi going from the point oog to oo^ and satisfying condition (j5ip near the end points. 
For our covering these contours are: Wqi = C^, Vi = C[ — (we may as weh take Woi = C[, 
Vi = C[— ). The Jordan basis of contours (see proof of Theorem S]) then is Ti = 2Vi = 2C[— 2C2 
and Fa = -Woi = -CI 

The connection matrix C (|50p gives the coordinates of the contours {Fi, F2} with respect to 
the basis {Cl^C^}, see Theorem [3l 




Using the definition of the contours Vi and Wqi, we compute the monodromy matrix Mq for the 
solution \&o (|52]) at the origin, 




and see that its Jordan canonical form Mo'"^'" coincides with that given by Theorem [H The 
matrix Mo'°'° can also be obtained from the Stokes matrix and the connection matrix using the 
relation Mq = C-^S'^S-^C. 

5.3 The Hurwitz space 7Yo;o,o,o 

The Hurwitz space 'Ho;o,o,o is the space of genus zero three-fold coverings with four simple finite 
ramification points. Let us assume that the sheets are ordered as shown by the Hurwitz diagram 
in Figure m 



Figure 5: The Hurwitz diagram for the space 'Ho;o,o,o- 

This example shows the construction of the Stokes matrix corresponding to the space of 
coverings obtained from the two-fold genus zero coverings by attaching an extra sheet along the 
branch cut connecting two additional branch points (under the assumption that the ordering in 
the resulting set of four branch points is as shown in Figure [2]). We shall see (formula (I7ip ) how 
the 4x4 Stokes matrix corresponding to the space 'Ho;o,o,o is related to the 2x2 Stokes matrix 
computed in the previous section for the space Woio.o of two-fold genus zero coverings. This will 
give us an insight into the way to find Stokes matrices for the Hurwitz spaces of coverings which 
can be obtained from the given one by attaching one extra sheet along a branch cut. 
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As before, to compute the Stokes matrix we need to find the transformation which takes the 
contours {C^}|^^ to the contours {C[}|^]^ in the space A* (2;+) for z+ G /+. The contours CJ. and 
C^. are shown in Figure [6l Deforming them by a small rotation about towards each other, so 





2nd sheet 
1st sheet 
0th sheet 



Figure 6: Contours C[ and for the space Wo;o,o,o- 

that the contours rotate clockwise, we obtain the contours and C[. In the space A*(z+), 
we have the relations: 



/>/ /tr OP''' P''' _i_ P^ P''' _i_ P''' P^ P''' OP''' P^ 



U4. 



To verify the relations we note that the contour C[ — C2 is equivalent to the contour encircling 
the cut [Pi, P2] counterclockwise on the 0th sheet; the same contour can be obtained as C\ +C\. 
The contour encircling the same branch cut on the 1st sheet is given by C2 — C[. The contour 
C3 — C4 = C3 + Q encircles the branch cut [P3, P4] counterclockwise on the 1st sheet. 

Therefore, the Stokes matrix ^ of the Frobenius manifold structure on the Hurwitz space 
Wo;o,o,o is given by 



S 



'0;0,0,0 



V 



\ 



1 / 



It is convenient to rewrite this matrix using the Stokes matrix 5*^'"''' (j70p from the previous 
section: 



5" 




where 



A := 



(71) 



The basis of contours from Proposition [3] in the space ^*{z) with z belonging to the part of 
a neighbourhood of 2: = lying in 11^ consists of the contours Vi, V2 counterclockwise encircling 
the points ooi and 002) respectively, and the contours Wo;i, yVo;2 going from ooq to ooi or 
002, respectively, such that inequality (|51|) holds for their end-parts. These contours enter the 
basis set of contours in the given order: {Vi, V2, Wo;i, Wo;2}- For our covering we may take: 



v^ = ci-ci-ci + ci, V2 = q 



<-4) 



nr 
•-2' 



Wo;2 = q + c^. 

The Jordan basis of contours consists of = 3Vi, Fa = — 2>Voi + W02, F3 = 3V2 and 
= —2Wo2 + Woi- The connection matrix ([50]) gives the coordinates of the Jordan basis with 
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respect to the basis {C^}. It has the form: 



a 



0;0,0,0 



V 





-1 



1 





3 
-3 



\ 
-1 


-2/ 



The contours Vi, V2, Wo;i, Wo;2 are the integration paths in formula (f52l) defining the solution 
^(i{z) in a neighbourhood of z = 0. In the same way, the contours {T^} define the solution 
^0 (|53p whose monodromy Mq at the origin is in the Jordan form. From the definition of the 
contours we find the monodromy matrix M,, of the solution ^ and its Jordan form Mq : 



/ 



-1 








-1 






-2 
-1 
-1 




-1 \ 

-2 




1 

-1 








-1 





\ 


1 

-1 / 



5.4 The Hurwitz space 7ii;o,o 

The Hurwitz space TCi-ofi is the space of two-fold genus one coverings with four simple finite 
branch points Ai,A2,A3,A4. The corresponding Hurwitz diagram is shown in Figure [71 As 
before, we assume the branch cuts to be [Pi, P2] and [P3, P4]. 







Figure 7: The Hurwitz diagram for the space Hi-ofi- 

The coverings of this type can be obtained from the two-fold genus zero covering discussed 
in Section [5.21 bv adding one more branch cut to the existing sheets. We shall see the relation- 
ship between the Stokes matrices corresponding to the Hurwitz spaces 'Ho;o,o and Ti.i-o,o- This 
relationship gives a hint at how to proceed from the given Stokes matrix to the other if the 
corresponding coverings are obtained from each other by adding an extra branch cut (only if 
the sets of branch points on both coverings are ordered in the way shown in Figure [2]). 

Figure El shows the contours C^. and C[ defining the solutions "^^{z) and ^'(z) (f38]l in the 
right and left half-planes, respectively. From Figure [8] we see that the deformed contours C^. and 
C[ in the space A* (2:+) are related as follows: 

1 — ~'~ 3 *-'4 ; ^2 — 2 3 ~'~ 4' 3 — 3 *-'4; ^1 — ^4- 

Thus, the Stokes matrix of the Frobenius manifold structure on the Hurwitz space TCi-ofi has the 
form: 

^l;0,0 ^ 

\ -2A 50;°'' 
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— — 1st sheet 
0th sheet 



Figure 8: Contours C[ and for the space TCi-, 



where 3°'°'° is the Stokes matrix (j70p corresponding to the Hurwitz space 'Ho;o,o and the 2x2 
matrix A is defined by (|71|). 

The basis of contours defining the solution ^'o in a neighbourhood of the origin consists of 
the contours a and b, the contour Vi encirchng the point ooi counterclockwise and the contour 
Woi going from oo,, to ooi, see Proposition [3l We assume the contours enter the basis in the 
given order: a, b, Vi, Wqi- We may take: a := C\ — Cg, 6 := C2 — Cg, Vi := C[ — + C3 — C4, 
Woi := Q. 

The Jordan basis of contours is Fi = a, F2 = 6, F3 = 2Vi and F4 = —Wqi. The matrix of 
coefficients of these contours with respect to the basis {C^} is the connection matrix C^'°'° given 
below. The monodromy matrix Mq'" 
the contours a, 6, Vi, Woi- 



of the solution ^'o (152p is found using the definition of 



C 



l;0,0 



V 



1 

-1 








1 

-1 





\ 



-1/ 



Ml 



\ 






-1 





\ 


-2 

-1 / 



The Jordan form of the matrix Mo'"'° agrees with the one that can be found using Theorem [J] 
and the structure of the contours {F^}. 



5.5 Hurwitz spaces in arbitrary genus 

In the above examples we saw how the Stokes matrix corresponding to the space 'Ho;o,o of two- 
fold genus zero coverings is related to the Stokes matrices corresponding to the Hurwitz spaces of 
coverings obtained from a two-fold genus zero covering by one of the following two operations: i) 
adding one sheet and one branch cut (Section 15.3^ : ii) adding one branch cut (Section l5.4p . The 
former operation does not change the genus of the covering and the latter increases the genus by 
one. Iterating these operations we can obtain an arbitrary covering with simple branch points 
which is not ramified over the point at infinity and for which the branch cuts can be chosen 
to join two neighbouring ramification points. Therefore, we can describe the Stokes matrix 
corresponding to the space of coverings of this type basing on the above examples. This is done 
in the next proposition. Recall that the branch cuts are assumed to be added in a way that the 
entire set of branch points is ordered as described by assumptions Al and A2 in Section 15.11 
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Proposition 6 Consider a Hurwitz space of N-fold genus g coverings which have only simple 
branch points and are not ramified over the point at infinity. In this space, consider a neighbour- 
hood of the covering which satisfies assumptions Al, A2 and A3 from Section \5.1\ Namely: i) 
the branch points of the covering are ordered according to Figure with respect to a line I which 
is an admissible line for equation ^ built from a Frobenius structure on the Hurwitz space; ii) 
for any odd k, the ramification points Pk and Pk+i (and only these points) are connected by a 
branch cut; Hi) the sheets of the covering are ordered and in a neighbourhood of the ramification 
point Pk the ray arg Xk = 37r/4 — 7r/2 belongs to the lower of the two sheets glued together at Pk- 
Then the Stokes matrix of the corresponding Frobenius manifold has the following structure. 
Let us take a branch cut [Pk, Pi], I = k + 1, joining the sheets number Nk and Ni where Nk < Ni 
and describe the corresponding kth and Ith columns of the Stokes matrix S = (Sij). The elements 
Sik and Sii for i < k vanish. The diagonal block, the intersection of the kth and Ith columns and 

( 1 M 

kth and Ith rows, is given by the Stokes matrix S""'"'" = ( 1 from \7C^ corresponding 

to the Hurwitz space of two-fold genus zero coverings. For i > / and j = i + 1 the block 

(73) 




/ -1 1 \ 

is given by either A = from 171\), or —A, or by — 2A, or vanishes. 



1 -1 

The block ((75| ) equals A in the following two cases. 

• The branch cut [Pi,Pj\ joins the sheets number Ni and Nj such that Ni < Nj. 

• The branch cut [Pi,Pj] joins the sheets number Nk and Ni such that Ni < Nk. 



The block ^7S^ equals — A if the inequalities between Ni, Nj and Nk, Ni are opposite to the 
above ones. 

The block f?^ equals — 2A if the branch cut [Pi, Pj\ joins the sheets number Nk and Ni, i.e., 
the same sheets as the branch cut [Pk,Pi\. 

The block {73) vanishes if the branch cuts [Pi,Pj] and [Pk,Pi\ belong to four pairwise distinct 



sheets. 

Proof. The kth. and /th columns of the Stokes matrix S give the coordinates of the contours 
C[ and C\ with respect to the basis {CJ} in the space A* (2:+) with 2:+ S /+. The contour C\. is 
obtained from the contour as follows. The projection A(C^) of on the base of the covering 
is rotated clockwise about the point \k towards the projection \{C\.) and then is lifted back to 
the covering so that the resulting transformation of the contour is smooth in a neighbourhood 
of Pk. Away from this neighbourhood the transformation is not smooth since the branch cuts 
belonging to the sheets number Nk and A^; are in the way of the rotation of the contour on 
the covering (see Figures El [8] and the corresponding examples). Thus, the difference C\. — CI. 
can be expressed as a linear combination of contours encircling the branch cuts on the sheets 
Nk and Ni. As we have seen in the examples, a contour encircling a branch cut is given 

by ±(C[' — CJ) in the case of simple ramification. 

The assumptions Al and A2 on the arrangements of the branch points and cuts imply that 
the branch cut [Pi,Pj\ can be in the way of the rotation of the contour towards on the 
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covering only k < i < j. Therefore, in the kth column of the Stokes matrix the first k — 1 
elements vanish, i.e., Sik = for i < k. Analogously, for the Ith column we have Su = for 
i < I. 

The clockwise (towards rotation of C[' does not cross the branch cut [P^, Pi], therefore, 
is equivalent to €"[ plus the contours ±(C[" — CJ) with I < i < j encircling the branch cuts [Pi, Pj] 
belonging to the sheets A^^ and/or Ni. For the kth column of the Stokes matrix we note that 
the contour encircling the branch cut [Pk, Pi] can be expressed as — €"[ = C\ + C\, therefore, 
i>i o-iji^i "^i*^ some integers Uij, which shows that the diagonal block 

is given by the matrix S°'°'° ()70p . 

The exact form of the added combinations of contours ib(CJ — CJ) with I < i < j is analogous 
to that in the examples considered above. The form of the block (j73p given in the proposition 
is obtained by a straightforward generalization of the examples from Sections 15.31 and 15. 4[ Note 
that we need to specify which sheet lies above (is labeled with a larger number) because of 
the assumption that the contours of integration in a neighbourhood of the corresponding 
ramification points pass from the lower to the upper sheet. □ 

To illustrate Proposition [6] we give below the Stokes matrix S corresponding to the Hurwitz 
space of the coverings of the type represented by the diagram in Figure [9] (note that the points 
Pj and Pg do not belong to the sheet number two). 



p p p p p p 




















p p 













Figure 9: A Hurwitz diagram for the space 'Hi;o,o,o,o,o- 



^0;0,0 











\ 





^0;0,0 











-2 A 





^0;0,0 








-A 


A 


-A 


^0;0,0 





A 





A 


A 


Q0:0,0 



where is a 2 x 2 zero matrix; S""'"'" is the Stokes matrix (|70p corresponding to the Hurwitz 
space of genus zero two-fold coverings with two finite branch points, and A is the 2x2 block 
given by ([7T|) . 

In particular, we get the Stokes matrix corresponding to the space of the genus zero coverings 
obtained from the two-fold genus zero covering shown in Figure [3] by consequently adding an 
extra sheet and two finite branch points. An example of such coverings is given by the Hurwitz 
diagram shown in Figure [TUl In terms of the matrices 5°'°'" (j7Up and A (|7ip , the Stokes matrix 
for Frobenius manifold structures on the Hurwitz space of the coverings from Figure [10] is given 
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Figure 10: A Hurwitz diagram for the space 'Ho;o,o,o,o- 

by: 

/ 50'°'« \ 
A S°'°'" 
^= A 

^0 OA S"-'°'° ^ 

The Stokes matrix corresponding to the general case of Hurwitz space of such genus zero cove- 
rings without ramification over the point at infinity has the same structure. 

In the case of the Hurwitz spaces Ti-g-ofi of hyperelhptic coverings represented by the Hurwitz 
diagram in Figure \TT\ Proposition [6] imphes that the {2g + 2) x (2g + 2) Stokes matrix of the 
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Figure 11: A Hurwitz diagram for the space Tig-ofi- 
corresponding Frobenius manifolds has the form: 
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